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1. INTRODUCTION 
This paper is devoted to the study of two of the new sporadic finite 
simple groups. The main object is to obtain information which will give 
natural descriptions for their primitive representations and for their larger 
subgroups. To this end it is first necessary to find all the maximal subgroups. 
The paper is primariIy concerned with this problem and our results are 
summarized in the following two theorems. 
THEOREM 1. The sporadic simple group M of order 2y ’ 36 - 53 * 7 * 11 
discovered by McLaughlin 1201 has precisely twelve conjugacy classes of maximal 
subgroups. The isomorphism types in these classes are as follows: 
(i) two groups of classical type, viz., PSU,(32) and PSt.J,(52); 
(ii) four groups of Mathieu type, viz., M,, , M,, (two classes), and the 
set st&&zer of two points in the canonical representation of Icl,,; 
(iii) six p-local subgroups, viz., Ez4\A, (two classes), .&\A, , Es4\MIo ) 
P\tz2\&J, and Q\(z3\-G>. 
THEOREM 2. The sporadic simple group C, of order 21° . 37 . Y . 7 1 11 .23 
discovered by 1. Conway has precisely fourteen co@gacy classes of maximal 
~gr~ps. The isomorphic types in these classes are as folkms: 
(i) four groups of classical type, viz., PSU4(32)\E22, aut(PSUs(52)), 
aut(PSLa(4)), and Z; X aut(PSLa(8)); 
(ii) one group of Mathieu type, viz., Mm; 
* This paper consists of part of the author’s doctoral dissertation submitted to the 
University of Birmingham and directed by Professor Donald Livingstone. 
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(iii) two sporadic groups, viz., the Higman-Sims (H.S.) group and 
aut(n/r) = M\Z,; 
(iv) seven p-local subgroups viz., 494 > 4 x z; t P\(&GG x &),>, 
R\& , .G5\(Z2 x WI), G\~P&), and 2, x Ml2 . 
In the above, P, 9, and R are groups having the respective orders 35, 5s, and 
2s . 32; ED” denotes an elementary Abelian groups of order p”; 2, denotes 
a cyclic group of order n; A, and & denote, respectively, the alternating and 
symmetric groups of degree n; and H\K denotes the extension of a group H 
by a group K. 
The conjugacy classes of maximal subgroups of a finite simple group G 
may be obtained by determining a minimal collection n/r(G) of subgroups 
of G subject to the following conditions: 
(if Each member of IM(G) is the normalizer in G of a characteristically 
simple subgroup of G; 
(ii) if K is a characteristically simple subgroup of G, then N,(K) is 
conjugate to a subgroup of some member of M(G). 
Accordingly, our classification of the maximal subgroups of C’s and M will 
be a systematic determination of the normalizers of representatives of the 
conjugacy classes of characteristically simple subgroups. The p-local sub- 
groups will be studied in Section 5 and the normalizers of the non-Abelian 
simple subgroups for which the largest prime divisors of the orders are 7, 5, 
11, and 23, will be studied in Sections 6-S. 
In Sections 2 and 3 we discuss some known properties of Cs and M, respec- 
tively, and in Section 4 we determine the conjugacy classes of Cs . 
Znm will denote a Frobenius group with kernel Z, and complement Z, . 
Let G be a finite group. G ] d is the action of G on a set d. We list the orders 
of the orbits of G 1 d by the partition [l”, 2b, 3”,...]. The classes of G will be 
denoted by (ni) where a: E (n,) has order n and #(a * /3’ = y) is the number 
of ways y can be written as a product of a conjugate of LY by a conjugate 
of 8. 
2. PRELIMINARY RESULTS AND DEFINITIONS 
A set of 24 points on which the Mathieu group n/l,, acts can be decomposed 
into subsets according to each of the partitions [127, [P], and [4%] so that the 
subsets form blocks of imprimitive maximal subgroups. In each case the 
decomposition is essentially unique, as has been shown by Choi [7]. If in the 
corresponding representation of degree 24, the base vectors are grouped 
according to the partition [4%] and if r denotes the matrix which effects the 
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transformation &M - I on five blocks and I - $M on the sixth, where M is 
the 4 x 4 matrix with all entries 1, then it has been shown by Conway [S] 
that <AIs, , T) is a group L, the diagonal elements of which form a group of 
order 212 normalized by &!I& and thus generating with it a group N of the 
form ~~‘\M~* . 
L has center (&I>. The orbit As = ((5, l”s))& of L thus gives rise to a 
representation on pairs of vectors {ixj, x E A, . The central quotient of L 
is a simple group C, which is represented transitively on the set As of such 
pairs. The pairs may be conveniently classified according to the four orbits 
of N on A, . These are: 
2576 - 211 vectors in <(2r2; 012))N ; 
24 c I 3 . 212 vectors in ((3”, -lsl)}N ; 
759 * 16 * 2* vectors in ((-227; 407; 08))N ; 
24 - 21a vectors in ((5, 123))N . 
Shortly before the discovery of the group L it had been shown by 
McLaughlin [20] that there is a regular graph I’ with 275 vertices possessing 
a transitive automorphism group aut r of the form n/f\.& with M a new 
simple group of order 27 . ?6 * 53 . 7 . 11. It was verified by Conway that 
aut I’ admits a transitive extension Ca which is a simple group of order 
21° * 3’ ’ 53 .7 . I1 .23 isomorphic to the stabilizer of a point in the repre- 
sentation C, / /r, . 
That the group C’s does indeed have a representation of degree 276 can be 
seen as follows. Take x = (5, 1s3) an d consider the set a of vectors y E A, = 
((42, 022))L for which the scalar product (x, y) is f24. 0 is the union of the 
orbits under MS3 of the four pairs of vectors 
iP = IkI,(42, 022), It+ -p) = &(L -3, 122), 
fP = A(3 -- 17; 18; P), *(iv - P) = -j-(2$08; OS)* 
Since L is a group of orthogona1 matrices and since C, is isomorphic to the 
stabilizer in C, of the diameter (x, -x) we have that C’s has a representation 
on Q. 1 a 1 = 24 .23. This induces a representation on Q = {{y, x-y}: y E a> 
on which M2, has orbits of orders [23,253]. The second orbit may be 
identified with the representation of Mz, on the heptads of S(4, 7,23). The 
existence of a subgroup isomorphic to Ml, insures the transitivity of 
C, on X2. 
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The orbits of C, j /r, have been essentially determined in [X] and are as 
follows: 
Length (a, X) Isomorphism type 
1 zt48 c3 
2 .35 .23 532 H.S. 
26 .52 .7 - 23 %24 f&V% 
35.5a.11 .23 516 E24\4 
26.35.11 $23 18 PSU,(52) 
2.3.52.11.23 0 P~~~~32~~E~ 
23 - 3* . 52 + 7 .23 0 2, x 352 
The character table of H.S. appears in [9]. H.S. 1 52 has orbits of orders 
[loo, 1761 with p oint stabilizers isomorphic to n/f,, and PXU,(S2), respec- 
tively. The irreducible constituents of ?T for IIS. / G are 
= = 2#, + #22 + $17 -I- A,, . 
3. SOMEPROPERTIES OF M 
In the representation M / I’ the stabilizer of a point x E r is a subgroup N 
isomorphic to PSU4(32) with orbits X, @, d of orders I, 112, 162, respectively. 
H 1 Q, is equivalent to the representation of PSU,(32) on the set of totally 
singular lines of the 4-dimensional unitary space V over GE’(g) with the 
stabilizer of a point having the form E,*JA, and orbits of orders [l, 30,811. 
H / d is equivalent to the representation of PSU4(32) on the left cosets of a 
subgroup isomorphic to M2, with the stabilizer of a point having orbits of 
orders [I, 56, 1051. 
The character tables of PSU4(32) and M have been determined by Todd [28] 
and J. G. Thompson, respectively. The character table of M appears in [9]. 
The classes (ni) of M, the orders of C,(yi) for yi E (n,) and the values of g 
of M / I’ are listed in Table I. Here ($ denotes a double class of nonreal 
elements. 
The structures of the centralizers of the elements of M are known. In 
particular, for OL E (2,), C,( ) a! is isomorphic to the representation group of A, 
and for /3 E (3,) C,(p) acts as A, on the fixed point set Fix(a) of CL \ r. More 
precisely, if .K = C,@) then O,(K) is extra special of order 35, K/O,(K) s 
S%,(5), and the extension splits over O,(K). 
Now G = M 1 I’ has two orbits on the unordered pairs of points of r. 
If 2 and 2 are representatives of these orbits and if G(i) and G(zz) are the 
respective set stabilizers in G, then we have the following result: 
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TABLE I 
The classes of M 
fl> 2’.3”+53-7-11 275 (12,) 22 * 3 1 
Gu 21 .32 * 5 .7 35 (5,) 52 5 
(4,) 26 . 3 7 (52f 2 * 3 .53 0 
(W 2” 1 (10,) 2.3.5 0 
(3,) 23 . 3” * 5 5 (15,) 2~3.5 0 
(3J 22 * 35 14 (3oI) 2.3-5 0 
G 33 2 (7,) 2.7 2 
(6,) 23 * 32 + 5 5 (14,) 2-7 0 
(6,) 22 . 32 2 63 11 0 
LEMMA 3.1. G(h) s (PsL,(4), 1 (T u : A -+ A-) and has orbits of orders 
[2,56,1I2,105]. G~J) has theform ~~~~~~ and has orbits of ordms [Z, 30,8 1,162]. 
Proof. For x E P, let @ and A be the orbits of H = G, of orders 112 and 
162, respectively. The permutation characters of H 1 Q, and H 1 A are easily 
obtained from the character table of P&7,(39 and it fohows that for y E @ 
and z E A, IZ,, 1 d and Hz / Qi have two orbits each. Set 2 = (x, s) and 
2 = (x, y). G(s) is an extension of El, by 2, and contains elements of order 14. 
Since aut(PSL,(rt)) = (P&(4), T 1 T : A + At-‘) we have G(i) s (PSL,(4), 
UIa : A + 2). Also G(i) must permute an orbit of Igz 1 Q, with an orbit of 
H, / d and it follows that G(i) has orbits of orders [Z, 56, 105, 112]. Similarly, 
G(;i, has the form Es4\K where K has the form A@\,& and GG) has orbits of 
orders [2, 30, 81, 1621. Now Gfi> h as exactIy one class of elements of order 8. 
Also an element 01 E (8,) has cycle structure 1r23478s0 on I’. Hence G(z) must 
contain elements of order 8. An element of order X0 cannot fix 2 and therefore 
we have K s Mu,. 
4. CLASSES OF c, 
We begin by discussing some ideas which will be used in the determination 
of the classes of Ca . 
Let G be a finite group acting transitively on a set A and let H = G, , 
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x E d. Assume that both the classes of H and the permutation character n 
of G 1 d are known. If 01 E H then 
where $~r is the principal character of H and iy. = q , 01~ ,..., am are representa- 
tives of the conjugacy classes of H such that ai N oli in G. In particular, if 
m = 1 then 1 C,(a)1 = I . 1 C’,(a)1 and C,(a) acts transitively on Fix(a). 
For the remainder of the section let G = C, 1 J’J and let n be the permuta- 
tion character. 
LEMMA 4.1. The normalizers in G of the p-Sylow subgroups for p = 7, 11, 
and 23 have the respective forms Es x ZT6, 2, x Z:l , and 2:; . 
Proof. Let P E Syl,(G), Q E Syl,,(G), and R E Syl,,(G). Since n(P) = 3 
andn(Q) = l,itfollowsthatINo(P)I =22.32.7and1N,(Q)I =2.5.11. 
We observe that As contains a diameter of shape {f(33, 121)}. Hence G 
contains a subgroup of the form ,,?Y:, x .ZT3 isomorphic to the normalizer in 
M24 of a 7 Sylow subgroup. Also the Higman-Sims group contains a subgroup 
of the form Z,6. Therefore, No(P) z ,Y3 x Z,6. Since G contains a subgroup 
of the form Z, x Ml,, No(Q) z Z, x Zfl . It follows directly from Sylow’s 
theorem and Theorem 0 of [8] that No(R) z Zi;. 
We now investigate the set stabilizer in G of two points of 9. 
LEMMA 4.2. G121 E (PSU,(32), u diag(1, 1, 02, 1)) and Gc2) E 
(PSU,(32), u . diag(1, 1, e2, l), diag(1, 1, -1, l)), where u is the $eZd auto- 
morphism and the matrix of the hermitian form is the identity matrix. 
Proof. G[,I has the form H\Z, with Hz PSU,(32). Since aut(PSU,(32)) = 
PlYlJ,(32) [26], the outer automorphism group of PSU,(32) is isomorphic to 
a dihedral group of order 8. Hence there is up to isomorphism exactly three 
nontrivial extensions of PSlJ,(32) by Z2 . Let 01 and /I be representatives of the 
two classes of elements of order 3 in H with I CH(a)I = I C&3)1 = 22 . 35 [28]. 
We have z-(a) = +I) = 15. It follows from Table I that G has one class of 
elements of order 3 which fix 15 points of G. Denote this class by (32). For 
y E (32), j C,(y)1 = 23 . 36 . 5. In H.S. I &?, an element 6 E H.S. of order 3 
has the following properties: 1 C,.,.(S)l = 23 . 32 5, ~(6) = 15, and elements 
of order 4 m C,.,.(6) fix precisely one point of Fix(G). This implies that 01 
cannot be centralized by a group of order 8 in Gtzl and therefore 01 and j3 fuse. 
It follows from Lemma 4.1 and Table I that if p E G has order 14 then 
n(p) = 1. Therefore Gc21 has a subgroup of the form ZT6. 
We now have sufficient information in order to determine the isomorphism 
type of Gr21 . In fact there is up to isomorphism only one extension of H 
48112511-5 
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by Za in which the elements 01 and /3 of H fuse and which contains a subgroup 
of the form Z,6. It is easily checked that our description of Gr,l is correct. The 
isomorphism type of Gt2) follows directly. 
The classes of involutions of G f21 and G(a) have been determined in [12] 
(see Tables VI and VII) and are as follows: 
(nd (21) (22) (21) (22) (23) (24) c&J 
I C(Yi)l 2s . 32 25 . 32 . 5 29 . 32 26 . 32 . 5 26 . 32 . 5 26 _ 32 27 . 33 .7 
Here yi E (2,). 
LEMMA 4.3. G has two classes of involutions. 
Proof. Let yi and y2 belong, respectively, to the classes (2,) and (22) 
of G[,l . From the character table of H.S. we have n(yi) = 36 and m(y2) = 12. 
Hence yi and y2 belong to different classes of G which we denote by (2,) and 
(22). Moreover, / C,(yi)I = 21° 34 . 5 . 7 and / C,(y2)I = 2’ . 33 . 5 11. 
It follows from Table I that G contains two classes of elements of order 5 
which we denote by (5,) and (52). If S, E (5,) and 6, E (52), then 1 C,&)I = 
6 . 2 . 52 = 22 . 3 . 52 and / C,(S,)l = 22 . 3 . 53. Now Co(&) is 2-transitive 
on the 6 points of Fix(G) and hence C,(S,)/(S,) s Aj . Clearly, C,(S,) z 
Z, x Aj . We observe that an involution of G(,, lies in G[,l , commutes with 
an element of (5,), or centralizes a Z, subgroup. Applying the results of 
Lemma 4.1 we conclude that an involution of Gc2) , and hence of G, belongs 
to (A) or Q2). 
LEMMA 4.4. If 01 E (2,) then C,(a) has the form Z,\Sp,(2). 
Proof. We may represent C, as the stabilizer in C, of the diameter { +Y} = 
(*(OS; 407; -227)} E A3 . s ince n/r,, contains an element of order 7 which 
fixes x and the block system associated with the partition [S3], 01 may be 
represented by the matrix diag(ls; - 18; --Is). The fixed point set Fix(a) 
of 01 I & contains 211 . 3 5 pairs of vectors. Also /3 E (22) may be represented 
by the matrix diag( 112, - 112) so that (2,) and (22) do not fuse in C, . Therefore, 
the group H which centralizes 01 in C, has order 221 . 35 . 52 . 7. 
We will show that H has the form K\S2,+(2) where K is an extra special 
group of order 2g. From the form of (Y we see that as a group of orthogonal 
matrices H must be the set stabilizer in C, of an g-dimensional subspace I’ 
of Qz4. The pointwise stabilizer of V is a group K having the form E25\E24 
which is precisely the pointwise stabilizer of an octad in N. It is easy to see 
that K is an extra special group and that if y E H acts trivially by conjugation 
on K then y E K. Therefore, H has the form K\Q8+(2) [17, Kapitel III, 13.9b]. 
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But Klizj has order 2 and so HI+,j , which is the centralizer of iy in C, , 
has the form Z,\T where T is a subgroup of Q,+(2) having index 120. To 
complete the proof of Lemma 4.4 it suffices to prove the following result. 
LEMMA 4.5. If B is a subgroup of Q,+(2) of index 120, then B s Sp,(2). 
Proof. Let Q,+(2) 1 B be the permutation representation of Q,+(2) acting 
on the left cosets of B. It follows from the character table of Qs+(2) [lo] that 
the permutation character of Q,+(2) 1 B h as irreducible constituents with 
degrees 1, 35, and 84. Also Q,+(2) contains a subgroup D isomorphic to 
Sp,(2) such that the permutation characters of the representations Q*-(2) / B 
and Qs+(2) 1 D are equal. The subdegrees of Q,+(2) 1 B are [l, 56, 631. Now 
assume B and D are not conjugate in Q,+(2). Applying the results in [13], 
D acting on the left cosets of B has orbits of orders [28, 36, 561 and contains a 
subgroup F g PO,(3) having orbits of orders [l, 2, 27, 36, 541. It may be 
assumed that F < B. But then B and D stabilize the same set of 56 points 
and this is impossible. 
LEMMA 4.6. If p E (22) then C,(p) g 2, x Ml, . 
Proof. This follows from the fact that G contains a subgroup of the form 
2, x M,, (see Section 2). 
We will now determine the classes of elements y of order 2n such that 
yn E (2,). We require the following result: 
LEMMA 4.7. Let a: E (2,). Then C,(m) has two classes of noncentral involu- 
tions represented by p and y with centralizers of orders 2s . 32 and 27 . 3 respec- 
tively, and such that /3 E (2,) and y E (2J. 
Proof. Let N = Co(a). By Lemma 4.4, H has the form Z,\Sp,(2). The 
cycle types of the elements in the representation of Sp,(2) as a 2-transitive 
group of degree 36 may be obtained from the character table of Sp,(2) [13]. 
Thus if /3 is a noncentral involution then /3 1 Fix(a) has cycle type 112212, 
ls214, lr6210, or 14216. Now H.S. j !J contains real elements 6 and E of order 4 
such that ~(6) = 8 and T(E) = 16; and so p cannot have cycle type 1*2l4 or 
1r6210. If p has cycle type 14216 then p E (22) and 1 C&I)I = 27 . 3. Assume p 
has cycle type 1122r2. Such involutions do exist. In this case /3 E (2,) and 
1 C&I)[ = 21° . 32 or 2g . 32, according as p N /?a or /3 + /Z&X in H. We recall 
from Section 3 that H must contain a subgroup K isomorphic to the repre- 
sentation group of A, . Since K contains one class of noncentral involutions 
it follows that 01 N c&I in H. 
If we apply the results of Lemma 4.6 to the class list of Sp,(2) and observe 
that the elements of Gc2) are real, we may determine those classes of elements y 
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of order 2n of CG(or) such that y” = 01. These correspond in a one-to-one 
fashion to the classes of elements y of order 272 of G such that yN E (2,) and 
are listed in Table II. 
The classes of elements y of order 272 such that yn E (2s) are easily obtained 
using Lemma 4.6 and the known classes of Mi, . These are the classes (2s), 
(6s), (6J, (IO,) and (22,) in Table II. 
It remains to determine the classes of elements of odd order of G. Such 
classes will be denoted as in Table II. 
It follows from Table I that G contains one class (3,) of elements y of 
TABLE II 
The Classes of Caa 
(1) 
(21) 
(22) 
(4,) 
(42) 
(8,) 
(8~) 
(8,) 
(3,) 
(32) 
(33) 
(91) 
(91) 
(61) 
(621 
(63) 
(64) 
(65) 
(121) 
I C(Ydl 4Yi) (nc) I C(Yi)l dn) 
I G I 276 
210 . 34 . 5 . 7 36 
2’ . 33 . 5 . 11 12 
29 . 3 8 
29 . 32 . 5 16 
25 6 
20 . 3 2 
26 ’ 3 6 
25 . 3’ ’ 5 6 
23 . 36 . 5 15 
23 . 34 . 7 0 
34 i 
2 . 34 0 
25 . 33 . 5 6 
23 . 33 3 
22 . 35 3 
24 . 3” 0 
23 . 3* 0 
24 . 3 2 
(122) 
wu 
(24,) 
(24,) 
(1%) 
(51) 
(5,) 
(15,) 
(15,) 
(301) 
(10,) 
(102) 
(20,) 
(71) 
(14,) 
(211) 
(111, 
E) 
(5) 
24 . 32 4 
2” . 32 1 
23 . 3 2 
23 . 3 0 
2 . 32 0 
22 . 3 . 52 6 
22 . 3 . 53 1 
3.5 0 
2.3.5 1 
2.3.5 1 
22 . 5 2 
22.3-5 1 
2= . 5 1 
2.3.7 3 
2.7 1 
3.7 0 
2 11 1 
2. 11 1 
23 0 
a Here yi E (q) and GT is computed for C, I J2. 
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order 3 such that n(y) = 6. Moreover, for y E (3,), ) C,(y)\ = 25 . 3’ . 5. 
We noted in Section 3 that in M 1 r, the centralizer of/i E (3,) acts as A, on 
Fix(P). Using this together with the fact that G has one class of elements S 
of order 30 such that Sl” E (3,) we conclude that Cc(,) acts as & on Fix(y). 
As a consequence, G has one class (15s) of elements 7 of order 15 such that 
T5 E (31). 
The class (32) and the classes (5,) and (5a) were discussed in the course of 
proving Lemmas 4.2 and 4.3, respectively. In particular, it was shown that 
for E E (5,), C,(c) s 2, x A,. Noting that H.S. contains one class of ele- 
ments of order 15, we conclude that G has one class (15,) of elements /3 of 
order 15 such that /3” E (5,). 
The classes of elements of order 7,11, and 23 are obtained using Lemma 4.1. 
The remaining classes consist of elements of 3 power order. 
Now every element y in C,(a), 01 E (2,), is centralized by an element of 
order 4 [ 131. Since elements of order 4 in G fix 8 or 16 points, y E (3,) or 
y E (3a). It follows from Lemma 4.1 that the elements S of order 3 such that 
7 [ 1 C,(S)1 form a single class (3s). Furthermore, we see from the above 
remarks that only involutions in (2s) can centralize SE (3s). Therefore 
j C,(S)! = 23 . 3” . 7. We compute a = 4 using Sylow’s theorem. 
We know that G contains at least two classes of elements of order 9, 
denoted (9r) and (9s). If y E (9r) then n(y) = 3 so that y fixes 3 unordered 
pairs of points of Q. But Gf,, has one class of elements of order 9 [12, Table 
VII]; hence 1 Cc(,)1 = 34. 
An element E E (9s) centralizes an involution of (2,). Therefore 1 Cc(,)1 = 
2 . 3b. If we form the sum Z’l/l C&3,)1 where the & are representatives of the 
41 classes so far obtained, then 
‘Yl/l C(&)j + l/2 . 34 = 1. 
Our enumeration of the classes of G will be completed once we have shown 
that / Co(c)/ = 2 . 34. 
LEMMA 4.8. Let H be the stabilizer in C, of the diameter *(5, 12s) and 
&(5 - 112; 1r2). H has the form E2\M11 . Let K be an MI, subgroup and let 
Q = O,(H). Then 
(i) H / J2 has orbits of orders [33, 2431; 
(ii) K acting by conjugation on A = Q - (1) has orbits A, and A, of 
ordersllOand132,respectively;~,ofKI A,andrr,ofKI A,are 
Iyl 1 2 4 8 3 5 11 
"1 110 12 2 0 2 0 0 
m2 132 14 0 0 6 2 0 
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Proof. (i) H contains subgroups R and S having the respective forms Es4 
and .Zfl and such that R 1 W and S 1 D have orbits of orders [12, 31°, 817 and 
[I, 115, 554], respectively (see Lemma 5.4). Now El / G has an orbit @ with 
1 @ / = 1 (mod 11). The existence of the subgroups R and S implies that 
[ @ / = 12 or 243. If j A j = 12 then Gt,l contains a subgroup of the form 
E,SjPSL,( 11). This is impossible and the conclusion follows. 
(ii) K / A cannot have orbits of orders 11 or 22 as an element y E IT 
of order 5 can centralize only elements of order 3 in the class (32). Hence, an 
orbit of K I d has order a multiple of 55 or 66. The character table of MI, 
may then be employed to determine the correct orbit lengths. 
In the notation of Lemma 4.9, if a 2 Sylow subgroup R of CG(c), E E (9& 
is embedded in H then j Q n R 1 < 32 so that / R 1 < 34. Hence j C,(e)1 = 
2 .34. 
The class list of Cs is displayed in Table II. The character table of Ca was 
constructed by the author, 1121, as well as independently by D. Fendel, and 
will appear elsewhere (91. 
5. $-LOCAL SUBGROUP OF C?B~~~ M 
The object of this section is to obtain for each of the groups C, , M and for 
each prime p in their order, a minimal set of p-local subgroups with the 
property that every p-local subgroup is conjugate to a subgroup of some 
member of this set. 
If a and /3 are two invoiutions in the class (2,) of C, such that a/3 is also 
an involution then #(2;2; = 2& = 0 implies that c@ E (2,). Thus every 
maximal 2-local subgroup either normalizes no EsR containing involutions of 
the class (2,) or is the normalizer of a 2, pure Ean, i.e., of a group containing 
no involutions of the class (2a). 
The dimensions n of the various E,” in minimal sets of p-local subgroups 
for C’s and M are as follows 
2,-pure 2,-pure 3 5 11 23 
C, / I,&4 I,2 1,1,5 I,1 - 1 
Ml1,4,4 - 124 1 1 - 
We first treat the p-local subgroups of M and begin with a description of 
a 2-Sylow subgroup Q of aut(M). We may assume that Q E Syl,(G&, 
G = C, 1 9, where G[,l z (PSU,(32), CT . diag(1, I, 82, 1)). If (A, p) denotes 
the matrix diag(1, A, EL, (&A)-~) th en D = {(A, p) : X4 =: p4 = 1)) has the form 
2, x 2, . Let 7 and 5 represent the matrices corresponding to the permuta- 
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tions (12) (34) and (13) (24) on the basis vectors; let 8 be defined by 6: 
ZJ~ --f ~a, v, -+ or , pus -+ oa , vuq + n4; and let T = u . diag(1, 1, 02, 1). Then 
P = i& 17, i, 8) E Syi,(M), Q = Q-4 71, La, 7) E Sy12(aut(~)) and 
It is easy to show that ((1, -1),(-l, l),q, I>, and ((1, -l), (-1, l), 
$1, Q2>, 5P, - 1)) are the only Es4 subgroups of P and that these subgroups 
are fused in Q. This proves the following result: 
LEMMA 5.1. aut(M) has one class of Ez4 subgroups. This class is the union 
of the two classes of ES4 s~bgyo~ps of M. 
A consequence of Lemma 5.1 is that the normalizers in M of nonconjugate 
EZ4 subgroups are conjugate in aut(M). 
LEMMA 5.2. Let H = M / rand let R be an Ee4 subgroup of H. Then NH(R) 
has the~oym l&$4, and has orbits of orders [7, 16, 112, 140]. 
Proof. G = C, j .Q has an M,, subgroup with orbits of orders [23, 2531 
such that the larger orbit corresponds to the heptads of S(4,7,23). Therefore, 
H contains a subgroup K of the form Ez4\A, with orbits of orders [7, 16, 112, 
1401. Since R is self-centralizing in N we conclude that K is conjugate to 
N,(R) in aut(M). 
The next result completes our analysis of the 2-local subgroups. 
LEMMA 5.3. If T is an E,% subgroup of M with n > 1, then there exists an 
I?$ stlbgyoup R such that N,(T) < NAg(R). 
Proof. Assume first that n = 2. We know that for a! E (2,), C,(E) is 
isomorphic to a representation group of 8, and hence has one class of non- 
central involutions, each of which has centralizer of order 2” + 3. Therefore 
M has one class of E,2 subgroups, j C,(T)/ = 26 . 3 and N,( T)/C,( T) z &. 
If R is an ES4 subgroup, then, by Lemma 5.3, N,(R) has the form &‘;\A,. 
It is clear that N,W(R) acts transitively on the EZ2 subgroups of R and so NM(T) 
is conjugate to a subgroup of N,(R). 
Assume now that n = 3 and let V be an E,2 subgroup of T. From the 
preceding paragraph 1 N,(V)1 = 27 * 32 and so we may assume that T < P 
where P E Syl,(M) and V D P. In terms of our description of P, V = 
((I, -I), (- 1, I)). But then T must be contained in R where R is one of the 
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two Ez4 subgroups of P. Since ~~(~) is transitive on the Ez3 subgroups of R, 
NM(T) has the form ES4\PSL,(7) and hence NM(T) < N,(R). 
Finally we note that M has no Ez5 subgroups. 
In Lemma 3.1 we proved that for H = M / r, H(g) has the form E2\Mr0 
and has orbits of orders [2, 30, 81, 1621. Let Q = O,(Hci,), let d = Q - (1) 
and let K be an Mu, subgroup of H(g) . The orbits of K j A by conjugation are 
A, and A, , where 1 d, 1 = 20 and j 8, / = 60. We compute r1 of K / d, and 
T., of K j A, as follows. 
jyl 1 2 4 8 3 5 
Tl 20 4 0 0 2 0 
“2 60 4 0 0 6 0 
If (II E A, then a has a centralizer in E1~j of order 2 . 36; and hence 01 E (3,). 
We will show that d, = (3,) n HE, . In fact, (3,) n He., = + and ~(01) = 5 
implies that if # is the principal character of H(z) induced to M, then It(z) = 20. 
Therefore (3,) n H(g) consists of a single class which must be LJ, . 
LEMMA 5.4. M has one class of Ea4 subgroups. If Q is an E/ subgroup, 
then Q 1 I’ has orbits of orders [ 12, 3r”, 813] and NM(Q) is conjugate to H(s) for 
H=M/IT 
Proof. In the notation of the preceding paragraph we see from the orbits 
of K ] A that Q is the only ES* subgroup of H<a) . This proves the first asser- 
tion. Now Q acts regularly on the orbits of H@) of orders 81 and 162. Also 
H(i) acting on the orbit of order 30 is imprimitive of block length 3 with 
kerneI of imprimitivity Q. Hence Q 1 r has orbits [I”, 3r”, 813]. The final 
assertion is now obvious. 
LEMMA 5.5. If 01 E(3,) then N&(ct)) has the form T\(Z,\Z;) where T is 
extra special of order 33. 
Proof. This follows from the known structure of C,(a) and the fact that 
ru’,((~r)) contains a Z’s* subgroup. 
LEMMA 5.6. If T is an ESn subgroup of M then N,(T) is conjugute to a 
subgroup of .NJ,(cY>), (y. E (3,) or iYe, , H = M j r. 
Proof. We will use the notation of our analysis of He) . For n = 1 we may 
assume that T = @), for p E (32), so that / N&T)/ = 23 * 35. But if y belongs 
to the A, orbit of K ] A then y E (3%) and the normalizer of (y) in H(g) has 
order 23 35. Hence H(zjj contains a conjugate of N,+,(T). 
Let n > 1 and assume that T is conjugate to a subgroup of Q. Let @ be the 
union of the three Q orbits of order 81 of Q [ r. Then T I I’ has orbits of 
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order 3” on Q, and orbits of orders 3 or 1 on the remaining 32 points. Since 
3” > 3 we must have NM(T) < HcOj . But II(,) is easily seen to be the group 
Iirf4) and hence IV,,,,(T) < U(g) . 
Finally, assume that 7’ is not conjugate to a subgroup of Q. Assume that 
R E Syl,(C,(T)) is a subgroup of H(z) . Then T < Q implies that T j A, 
must fix exactly 2 points. Since (3,) n Na) = Lt, , R contains exactly one 
cyclic subgroup S -= (a> for 01 E (3,). But / C&Y’)\ = 2” . 3b where Q < 1. 
Thus R is a characteristic subgroup of C,( 2’) and this implies that NM( 2’) < 
N,(R) < N&S). 
This completes our analysis of the 3-local subgroups of M. It remains for us 
to analyze the 5-local subgroups. 
LEMMA 5.7. Jf PE Syl~(~~~ then N,(P) = fV~~(Z(~)) has the form 
P\i(Z3\Z6). P j r has orbits of orders [256, 1251 and P n (15~) = Z(P) - (1). 
Proof, Since Z(P) = (y) for y E (S,), we have that N,(P) < TV,,). 
But C,w(y) has order 2 .3 . 53 and is 3-nilpotent. Thus P D C,(y) and it 
follows that N&P) = ~~(~(P)). The structure of ~~(Z(P)) is determined 
by examining the normalizer of a 5 Sylow subgroup of C,(a), a! E (2,). 
If n is the number of orbits of P / r and x = /(5,) R P 1 then n = 
(275 + 5x)/125. The possible values of x are 20, 45, 70, 95, or 120. Now 
~~(P)/P acts regularly on (5,) n P and so x - 120, n = 7. The orders of 
the orbits are easily obtained. 
It is a direct consequence of Lemma 5.7 that if T is a 5-local subgroup of M 
then NM(T) is conjugate to a subgroup of NM(P). 
We now direct our attention to the analysis of the p-local subgroups of Cs . 
The methods are similar to the ones used in the analysis of M. We begin by 
studying the 2-local subgroups. Throughout, G = C, 1 Sz. 
LEMMA 5.8. G has one class of 2,-pure Ez2 subgrmps. If P is a 2,-pure EzS 
subgroup, then / C,(P)1 = 2v . 32 and N,(P)/C,(P) s ES . 
Proof. The result follows directly from Lemma 4.7. 
Let K be the stabilizer in C, of the diameters i-&(5, Iz3)} and 
t-&(51’; -la; --I*)>. ThenKh as th f e orm .&*\A, [S] and contains a subgroup 
J of the form E2*\A7 such that J / a has orbits of orders [I, 7, 16, 112, 1401 
(see the proof of Lemma 5.2). Since M does not contain an A, subgroup 
(see Section 5), K j JJ does not have an orbit of order 16. It is now easy to 
show that K / G has orbits of orders [S, 128, 1401. Let d be the K orbit of 
order 8. In K 1.4, Kcdl = O,(K) and K[,J z J. Hence LY E (2,) n K must 
have cycle type 24 on d. Moreover, if /3 is an involution of the coset OLO~(K) 
then #(2;2,’ = 2,) = 0 imphes that /3 E (2a). Therefore, a! E (2,) n K must 
either lie in O,(K) or have cycle type 1422 on A. An immediate consequence 
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is that a 2,-pure Ez4 subgroup of G must be contained in Gtrl and by Lemma 
5.1 must be conjugate in G~,J to O,(K). This establishes the fact that C, 
has one class of 2,-pure Ez4 subgroups. By the same reasoning a 2,-pure Ez3 
subgroup R of K must be contained in Gt,l . As shown in the proof of 
Lemma 5.3, a conjugate of T in Gt,l lies in O,(K). Since K acts transitively 
on the Ez3 subgroups of O,(K), C, has one class of 2,-pure Ez3 subgroups. 
We note from Table II that no element of odd order of C, is centralized 
by a 2,-pure Ezn subgroup for n > 2. Therefore K is the normalizer in C3 
of O,(K). Moreover, an Ez3 subgroup T of O,(K) has normalizer in K of 
the form Ez4\(Ez3\GL3(2)) which must then be its normalizer in G. We 
summarize our results. 
LEMMA 5.9. C, has one class of 2,-pure Ez4 subgroups. The normalizer in C, 
of a 2,-pure Ez4 subgroup is a subgroup K of the form E,4\A, with orbits of 
orders [8, 128, 1401 on Sz. Moreover, the normalizer in C, of a 2,-pure Ez3 
subgroup is conjugate to a subgroup of K. 
We recall from Lemma 4.6 that for p E (2s) C&J) g @) x mr, . Let y 
and S be representatives of the two classes of involutions of M,, . Then y 
and F have centralizers in Mr, of the forms Q\Z4 and 2, x Zs , respectively, 
where Q is a quaternion group of order 8. Since y is a square in M,, , y E (2,) 
and since #(2;2; = 2.4 # 0, 6 and PS belong to (2a). Therefore, G has 
one class of 2,-pure Ez2 subgroups which we may represent by T = (p, S) 
with C,(T) s T x Z; . Since PS is not conjugate to 6 in C&3), / No(T)1 = 
1 C,(T)] or 3 / C,(T)I. Before determining NG(T) we make the following 
definition: 
DEFINITION. A group with presentation (0, p 1 u2 = ps = (0~)~ = 1) is 
isomorphic to A, 1117, Kapitel I, 19.91. We say that an A, subgroup of C, has 
type (2i , 3, , 5J if in the presentation u E (2,), p E (3,) and (up) E (5,). 
If T,,E(~J and @ = ((a, p) I o E (2,), p E (33), up = TJ then I @ I = 
#(21'33' = 5,) = 25. N ow Co(r,,), which has the form A, x 2,) acts by 
conjugation transitively on @ with the stabilizer of (uO , pO) E @ a subgroup J 
isomorphic to A, . It is clear that a 2 Sylow subgroup of J is a 2,-pure E2’ 
subgroup. Since J = Co((a,, pa)) we have that No(T) and NG( J) = Nc((uO, pO) 
are conjugate in G. Hence No(T) has the form A, x Zs . We summarize our 
results. 
LEMMA 5.10. C, has one class of 2,-pure E22 subgroups. The normalizer in 
C, of a 2,-pure E22 subgroup has the form A, x Z5 . 
It follows from Lemma 5.10 that if R is a 2,-pure E23 subgroup then 
C,(R) = R x <c> h w ere E E (33) and so N,(R) < No). 
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The analysis of the 3-local subgroups of C’s is dependent upon the follow- 
ing result. 
LEMMA 5.11. G has one class of 232 s~bgyo~ps. If Q is csn Ez5 s~bgyo~~, then 
Q has orbits of orders [3*‘, 2431, No(Q) has the form ES5\(Z, x M,,) andNo 
has orbits of orders [33, 2431. Moreover, No(Q) I= G(@) where @ is the Q orbit 
of order 243. 
Proof. We will use the notation of Lemma 4.8. It follows from the values 
of the permutation characters r1 and “TV of K acting on A, and A, , respectively, 
that an Z&5 subgroup of ZZ must lie in O,(N) = Q. Since H contains a 3 Sylow 
subgroup of G we conclude that G has one class of Es5 subgroups. 
N has orbits Y and Q, of orders 33 and 243, respectively. H / F is imprimi- 
tive of block length 3 with kernel of imprimitivity Q. Hence Q has orbits of 
orders [311, 2431. Let 3 be a block of H 1 Y. Then Hcg, has the form Es5\M,, . 
Since G&j has order 2 . 3 j Gtal / = 2j . 3r . 5, it follows that Gci, has orbits 
of orders f3, 30,243]. But then G(zz) and H are both subgroups of G(@) and 
we conclude that Gc,, = No(Q) is a subgroup of the form E,5\(Z, x Mn). 
The classes of elements of 3-power order of No(Q) not contained in Q are 
easily seen to involve only the classes 3,) 3, ,9, , and 9, of G. Therefore the 
orbit A, of N,(Q) ac m t’ g on A is precisely (3,) n No(Q). We may now use the 
results of Lemmas 4.8 and 5.10 and proceed as in the proof of Lemma 5.6 to 
show that if 2’ is an Eafl subgroup of G and if T + (CX> for cx E (3,) or 01 E (3a), 
then Nof T) is conjugate to a subgroup of No. 
LEMMA 5.12. Let 01 E (3,). Then H = N,((a)) has the form T\(Z,\Z, x ZJ, 
where T = O,(H) is an extra specialgroup of order 35. 
Boof. The structure of NG((a)) follows directly from Lemma 5.5. 
LEMMA 5.13. Let fl E (33). Then No(@)) has the form Z; x aut(PSLs(8)). 
Proof. Let N = C&)/(/3>. Then / H j = 23 . 33 .7, the normalizer of 
a 7 Sylow subgroup has the form Z,6 and a Z-Sylow subgroup is a 2,-pure 
Ez3 subgroup. These facts suffice to show that H g aut(PSLa(8)). Since 
PSL,(8) has trivial multiplier [23], C&3) has a subgroup of the form 
2, x PSL,@). 
Now PSL,@) is generated by elements u and p satisfying the relations 
QB = P3 = (crp)’ = 1. Because a 3-Sylow subgroup of PSL,(8) is cyclic of 
order 9 we may assume that in our case p E (3,) and CT E (2%). If r0 E (7,) and 
@ = %J, PI I fJ E (22(t P E (3,), and op := T& then / Q1 j = #(2;3; = 7,) = 7. 
Thus C,(T,) acts by conjugation transitively on @ so that if (q, , pO) E @, 
then (u,, , p,,) s PSL,@) and C,(( q, , pJ) = WE Z; . Since NG((/3)) and 
NG(W) are conjugate in G we conclude that NG({/3>) has the form 
Z; x aut(P~L~(8)). 
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It now remains to analyze the 5 local subgroups of G. 
LEMMA 5.14. Let P E Syl,(G). Then N,(P) has the foym P\(Z,\S) where 
S has presentation (01, fi 1 01~ = /? 2 = 1, ap = CX”> and No(P) has orbits of 
ordep-s (1, 125, ISO]. 
Proof. This follows directly from Lemma 5.7 and the fact that G contains 
a subgroup isomorphic to PZU,(S2). 
In Lemma 5.7 we proved that j P n (5,)/ = 4. Hence the normalizer of 
an Ess subgroup of G is conjugate to a subgroup of No(P). AIso for y E (5,), 
Nc((y)) has the form (2, x A&& . Neither No(P) nor Nc((r)) are maximal 
subgroups of 6. 
6. SIM~LESUBG~OUP~ OF ORDERP- 3b +fic -7 
The object of this section is to determine for each of the groups Cs , 
M a minimal set of subgroups, each of which is the normalizer of a non- 
abelian simple subgroup of order divisible by 7, which involves only the 
primes 2, 3, 5, and 7, so that if H is a non-abelian simple subgroup of order 
2” . 3” * 5c .7, then the normalizer of H is conjugate to some member 
of this set. 
The isomorphism types of the subgroups in the minimal sets for Cs and M 
are as follows: 
c,: aut(~~~~~, aut(P~~s(52)), PJXJ,(52), & , PSU~(32)~~~z, 
Zs x aut(PSL,(8)) 
M: M,,\Z, , PSU,(52), PSU,(32). 
Our method will be to first study the subgroups of Cs isomorphic to 
PSL,(7), PSL,(8), A,, A, , &Is1 , PSU,(32), PSU,(59, PSU,(32), and then 
to show that a non-abelian simple subgroup of C’s of order 2a . 3b * 5” * 7 
must be isomorphic to one of these groups. For the remainder of the section 
let G = C’s ! 9. 
We begin by determining the classes of PSL,(7) subgroups of G. 
LEMMA 6.1. G has two classes of PSL,(7) subgroups. If R and S are repre- 
sentatives of the respective classes then R has orbits of orders [12, 74, 8, 142, 28s, 
42, 841 and S has orbits of orders [lS, 72, 142, 21,28*, 42, 561. 
Praof. We first show that G has at least two classes of PSL,(7) subgroups. 
Now G has a subgroup K z Ms, with orbits of orders [l”, 212, 562, 1201. 
The existence of K follows from the existence of an M2s subgroup of G with 
orbits of orders [23, 2531. Let d be the K orbit of order 120. The stabilizer 
of a point of K / d must be isomorphic to PSL,(7). But Ma, has three classes 
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of PSL,(7) subgroups and so G contains PSL,(7) subgroups R and S which 
fix respectively 2 and 3 points of Sz. 
Let us E (7,) and let @ = ((0, p) 1 c E (2,), p E (3J and ap = T&. Since 
#(2;3,- = 7,) = #(2,3; = 7,) = 0 and since an involution of PSL47) 
is a square, every PSL47) subgroup of G is conjugate to (co, po> for suitable 
h, , P,J E @. Now / Q, / = #(2;3; = 7,) -- 63 and C,(T,) z & x Z, . 
Using Lemma 5.13 we see that C&T,) / Q, has orbits of orders [213] or [21, 421. 
The first case implies that R is centralized by cr E (2,). Consider R 1 Fix(a). 
A Z,3 subgroup of R has orbits of orders [l, 72, 21] on Fix(a). Hence R 1 Fix(a) 
has orbits of orders [8, 281 or [7,8,21]. Either case is incompatible with the 
fact that fi E (2,) n R fixes 12 points of Fix(a) (Lemma 4.7). Therefore 
C,(T,,) / @ has orbits of orders [21,42] and thus G has two classes of PSL,(7) 
subgroups. 
The orders of the orbits of R and S on 0 are computed by using the 
containment of R and S in K together with the known subgroup structure 
of PSL,(7). 
We will now apply Lemma 6.1 towards the determination of the possible 
orbit sizes of an A, subgroup B on 52. By restricting xss (the irreducible 
character of G of degree 23) to B we find that rr of B 1 Sz has the following 
values. 
/Y/ 1 2 4 3 6 5 7 
77 276 36 8 15 3 6 3 
Hence B has 8 orbits on Q. If B has an orbit d such that 7 r 1 d 1, then 
assuming / if I # 1, the stabilizer of a point of B 1 d is isomorphic to ZV3 or 
PSL47). But for a ZT3 subgroup P of B, +I tB $ rr 1 B, where #, is the 
principal character of P. Hence / d / = 15. 
Assume that B < Gtsl . Clearly 3 cannot fix 3 points of 9. It follows from 
the previous remarks that B has an orbit d of order 15. Since A, has two classes 
of PSL,(7) subgroups, we conclude that B contains PSL,(7) subgroups R and 
S which fix, respectively, 2 and 3 points of fz. We may now use Lemma 6.1 
together with the containment of B in GIsl , which has orbits of orders 
[12, 112, 1621, to see that B has orbits of orders [12, 7, 15, 35,42,70, 1051. 
If B fixes precisely one point of Sz, then B has two orbits A, and A, of 
order 15. Hence representatives of the two classes of PSL,(7) subgroups fix 
precisely 2 points of Q. The orders of the 5 remaining orbits may be computed 
by fusing the orbits of a PSL,(7) subgroup R of B and we find that B has 
orbits of orders [l, 7, 152, 352, 42, 1261. 
If B acts fixed point free on Q then B has three orbits A, , A, , and A, 
of order 15. But then B contains a PSL47) subgroup which fixes precisely 
one point of D contradicting Lemma 6.1. We summarize our results: 
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LEMMA 6.2. An A, subgroup of G has orbits of orders [12, 7, 1.5, 3542, 70, 
1051 or [I, 7, 15s, 35s, 42, 1261. 
The existence of A, subgroups of G which fix, respectively, one and two 
points of 52 will be established by studying the PSUs(Ya) subgroups of G. 
By restricting ,vas of G to a PSUa(52) subgroup ZJ, we may identify the classes 
of U with those of G as folIows: 
This implies that U has 4 orbits on J?. Let P E Syl,( U). Then N,(P) has the 
form P\Z, and by Lemma 5.7 has orbits of orders [I, 503, 1251. Therefore 
U has orbits of orders [I, 502, 1751 or [503, 1261. 
We will prove that both cases exist. Now H.S. 1 Q has orbits a, and A, 
of orders 100 and 176, respectively. In [19] it is shown that a subgroup of 
H.S. of index 176 is isomorphic to PZU3(52). Hence H.S. contains a PSU3(S2) 
subgroup V with orbits of orders [I, 502, 17.51 on 4. Also, H.S. contains a 
second class of PZU8(52) subgroups so that if U = [Z’, T] for T a representa- 
tive of this class then U has orbits of orders [503, 1261 on Q. 
LEMMA 6.3. G has one &ss of PSU,(52f subgroups with orbits of ordHs 
[503, 1261. If Ii represents this class then iVG( U) z aut(PS~s(52)). 
Proof. Let di be the U orbit of order 126 and let K = GtQ> . It follows 
from Lemma 5.14 that K contains No(P) for some P E Sy&(G) and hence R 
is transitive on A = S2 - @. Now U contains three classes of A, subgroups, 
each A, subgroup appearing as the stabilizer of a point of U acting on an 
orbit of order 50. A P~U3(52~ subgroup T containing U has orbits of orders 
[50, 100, 1261. Th us if y belongs to a T orbit of order 50, then T, g XT and 
has orbits of orders [ 1,7,30,42, 701 on A. But the orbits of Kv on A must be 
unions of the orbits of T, and we conclude that KY = T, . This shows that 
j I( 1 = 25 * 33 . 53 . 7 from which it follows that K s aut(PSU,(52)). 
Finally, a PSU&5‘2) subgroup with orbits of orders [50s, 1261 must be 
conjugate to a subgroup of K and hence must be conjugate to U. 
We can now prove the next result. 
LEMMA 6.4. G c~ta~~ orze class of A, sub~oups whick Jix one point of fz. 
If B represents this class then No(R) g Z; . 
Proof. We use the notation of Lemma 6.3. B has orbits of order [l, 7, l?~~, 
352, 42, 1261 and a P&C,,(7) subgroup R of B has orbits of orders [42, 841 on 
a B orbit of order 126. An A, subgroup D of U acts transitively on @ and 
fixes one point of fz. Moreover, a PSL,(7) subgroup S of I) has orbits of 
orders 142, 841 on Up. It follows from Lemma 6.1 that R is conjugate to S in G 
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and hence B is conjugate to a subgroup of K = Gt@) . But K has one class of 
A, subgroups and so B is conjugate to Li. Since NG(D) C K we have that 
N&9 - N,(D) sg .Z7 . 
Returning to our analysis of the PSUs(59 subgroups of G, let I’have orbits 
of orders [I, 502, 1757. V has one class of A, subgroups which fix one point 
of Q. If B represents this class and if B is the Y orbit of order 1’75, then B 
has orbits of orders [7, 42, 1261 on d. Using Lemma 6.4 we conclude that a 
PSU,(52) subgroup of G having orbits of orders [I, 502, 1751 must be con- 
jugate to a subgroup of H = Gc,, . We will show that H g P.ZU,(52). We 
know that V is contained in a PZUs(52) subgroup W of G, where W has 
orbits of orders [l, 100, 1753, so that H has orbits of orders [I, 100, 1751. 
Let /l be the H orbit of order 100 and let x EA. Now Wz z A, and has 
orbits of orders [l, 7, 15, 35, 421 on fl. Since W, is self-normalizing in G 
(the two classes of P+%,(7) subgroups of W, cannot fuse in G) and since A, 
is a maximal subgroup of PSU,(32) (L emma 6.6) we see that W, = Hz and 
hence IV = H. We have proved the following: 
LEMMA 6.5. G has one class of PS U,( 52) s~~gyoups zvhich $x me point of Q. 
If V represents this class then NG(V) r P2U,(52). 
An immediate consequence of Lemmas 6.4 and 6.5 is that M has one class 
of PSU,(52) subg rou p s and one class of A, subgroups which fix one point of r. 
To complete our list of the members of the minimal sets for Ca and M we 
must account for the subgroups of G isomorphic to Mzl , PSU4(32), PSU,(32), 
A, , and PSX,(8), respectively. 
Let K be an Ma, subgroup of G. By restricting xaa of G to K we may 
readily identify the classes of K with those of G and by using well-known 
properties of &&, we find that K has orbits of orders [l”, 21a, 562, 1201 or 
[la, 563, 1051 on Q. If K fixes a 3 element subset 3 of Q, then G(b) = N,(K) z 
aut(M& and all fil,, subgroups of G which fix 3 points of .Q are conjugate 
to K. Moreover, if K is assumed to be a subgroup of M then N,,(R) corre- 
sponds to the group described in Lemma 3.1. Mzl subgroups of K which 
fix 2 points of Q exist. 
It is easy to verify that a PSUq(32) subgroup H of G has orbits of orders 
El”, 112, 1621 and so NG(H) = G(,t. 
We may show without difficulty that a PSU,(32) subgroup of G has orbits 
of orders [l”, 36, 126, 1121 and hence must be conjugate to a subgroup 
of G(z) . 
Let A be an A, subgroup of G. Using Lemma 6.2 and the fact that M 
contains no A, subgroups, R must have orbits of orders [S, 152, 70, 1681. 
Let .A be the A orbit of order 8. Since G has one class of A, subgroups which 
fix one point of a, every A, subgroup is conjugate to a subgroup of Gfd) . 
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But Gcd) contains a E, subgroup (Lemma 6.4) and so Gtd) = N,(A) E 2s . 
Hence G has one class of A, subgroups. 
Because #(2,‘3; = 7,) = 0, G has one class of E’S&(8) subgroups as 
described in Lemma 5.13. 
In order to show that the minimal sets for Ca and Mare complete it remains 
to prove that a simple subgroup K of order 2a . 3b 5” . 7 is isomorphic to one 
already described. Towards this classification one has first the fact that the 
finite simple groups contained in SL,( C) are all known [l, 3, 18,291. Amongst 
these possibilities for K only S&(2) h as not been accounted for. By trying to 
split xaa of Ca on Q,(2) we find that this possibility cannot occur. 
If a 2 Sylow subgroup P of K has order less than 16 then the form of P 
implies that K is isomorphic to A, , P%,(7), or PSL,(8) [5, 14, 311. Further- 
more, if c = 0 then results of Wales [30] imply that K is isomorphic to 
PSL,(7), PSL,(8) or PSU,(32). 
With these preliminary remarks we proceed as follows. We first determine 
the subgroups of PSU,(32) which have order divisible by 7. If K < M and K 
acts fixed point free on r, then K 1 I’ has an orbit d such that 7 -i i d / and 
hence for x E A, K, is a subgroup of PSU,(32) which has order divisible by 7. 
This gives sufficient information to determine the isomorphism type of K. 
Continuing we may now determine the subgroups of Gl,l which have order 
divisible by 7 but not 11 and apply the same method. 
LEMMA 6.6. If K is a simple subgroup of PSlJ,(32) which has order divisible 
by 7 then K is isomorphic to PSL,(7), PSlJ,(32), A, , or M,, . 
Proof. We may assume that / K 1 = 2” + 3b 5 . 7 with a > 3 and that 
the normalizer of P E Syl,(K) has the form .ZT3. Using Sylow’s theorem we 
find ) K / to be 24 . 36 . 5 . 7, 25 . 34 . 5 . 7, or 26 . 32 . 5 . 7. In the first two 
cases, 1 PSU4(32) : K / is too small. In the third case it may easily be shown 
that K is a CIT group and thus by a result of Suzuki [27] is isomorphic to M2, . 
Now assume that K is a simple subgroup of M with order 2” . 3b . 5” . 7, 
c > 0, a > 3, such that K acts fixed point free on r. Let R be the normalizer 
in K of P E Syl,(K). Then R has the form Z, x Z,a or Z7a. We will show that 
the first case cannot exist by restricting #22 of M to K. Let 4 be a nonprincipal 
irreducible constituent of #a, j. K (with deg 4 > 7) and let 01 be an involution 
of Z(R). In the cases where 7 1 deg+ we must have +(a) = O(7). For deg+ = 14 
this means $(a) = 14,0, or - 14 which contradicts K being simple. The case 
deg 4 = 21 is eliminated by using the fact that ~/~~(a) = 6. Thus 7 7 deg 4. 
It now follows from the results of [2] that deg 4 = 8, 10, 15, or 20. Clearly 4 
is in the nonprincipal 7 block of defect 1 of K and since (#22 4 K, IK) < 2 
(note that (#22 4 R, I J < 2) we have a contradiction. 
We have shown that R has the form Z7a and hence K / r has two orbits d, 
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and A, such that 1 di 1 > 1 and / Ai 1 = l(7) (; = 1, 2). From the results of 
Lemma 6.6 and Section 5, for x E A, (y E A,), K,(K,) is isomorphic to 
P=,(7), A, , PSUs(3’), M,, , 2, , or ZT3. Furthermore, we may assume that 
1 M : K I > 1,000 as r of M / P is the only permutation character of M with 
degree < 1,000. By applying Sylow’s theorem and attempting to compute K, 
and K, , we eliminate all but the following cases: 
(i) j K / = 24 . 3 . 52 . 7, K, s K, s P%,(7): If Q E Syl,(K) then 
1 Q n (52)1 = 4. From this we may show that NG(Q) = Q and hence K is 
5-nilpotent. 
(ii) I K I = 24 . 32 . 53 . 7, K, E K, E A, : K j A, is rank 3 with 
subdegrees 1, 7, and 42. By a result of Higman [16], Kg PSU,(52). 
(iii) I K / = 26 . 32 . 5 . 7, K, E K, s PSL,(7): We may show as in 
Lemma 6.6 that K s M,, . This case cannot occur. 
We summarize our results. 
LEMMA 6.7. If K is a simple subgroup of M which has order divisible by 7 
but not 11, then Kg PSL,(7), PSU,(32), PSCCJ~(~~), M2, , or A, . 
With the help of Lemma 6.7 and the results of Section 5 we may describe 
those subgroups of G[,l which have order divisible by 32 .7 or 5 * 7 but not 
by 11. These have isomorphism types as follows: 
A: Z2\&, , Z2\4 , Z2\4 , Z2\4 > Ez4\A, 
B: Extensions of A, , PSU,(32), PSU,(52), PSU4(32), M2, . 
LEMMA 6.8. Let K be a simple subgroup of G of order 2” . 3b . 5” . 7, with 
a > 3 and c > 0, such that K acts fixed point free on 9. Then K z A, or 
PSU452). 
Proof. Let A be an orbit of K I Q such that 7 { I A I, and let J = K, , 
x E A. By assumption, j A / > 1. We first assume that J is isomorphic to one 
of the groups in A or B. The following cases occur. 
6) J z Z,\T, , Z2\Z; , Z2\-4, or Z,\A, . Here J has orbits of orders 
[l, 35,240]; so I d j = 36. But a central involution of Jfixes A pointwise. 
(ii) J E E,4\A,. Since J has orbits of orders [l, 7, 16, 112, 1401, we 
have I A 1 = 24. This case cannot occur. 
(iii) Jg A, , J has orbits of orders [12, 7, 15, 35, 42, 70, 1051. The 
possible values for I A I are 8, 15, 36, 50, 120, 128, 135,225, and 240. Each 
case is routinely eliminated. 
(iv) J z A,, J has orbits of orders [l, 7, 152, 352, 42, 1261. If I A I = 50, 
481/25/I-6 
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then K E PSUs(59, as in the proof of Lemma 6.7. If 1 d / = 8, then 
R c A, . Both these cases occur. The other possibilities for / d / are easily 
dismissed. 
(v) The cases where J is isomorphic to one of the remaining groups 
of B are dealt with as in (i)-(iv). No difficulties arise. 
AssumenowthatjJ/=2a+3b*7withb<I.SinceIK/=/Jj-/d/ 
we must have 5 / / d /. The possible values for 1 d / are 15, 30, 45, 50, 100, 
120, 150, and 225. If 1 d j + 3(7) then R must have at least one more orbit 
with order from amongst this list. In each case, j K / is small and we may use 
arguments as in [15] together with known properties of G to obtain contra- 
dictions. 
With Lemma 6.7, the determination of the minimal sets for Cs and M is 
completed. 
7. SIMPLE SUBGROUPS OF ORDER 2a. 3b. 5” 
The object of this section is to find candidates for maximal subgroups of M 
and C’s which are normalizers of non-abelian simple subgroups whose order 
involves only the primes 2, 3, and 5. In fact, we will show that no maximal 
subgroups of M occur this way and that the only possibilities for C, are sub- 
groups of the form A, x Zs which form a single class. Throughout this 
section we let G = C, / Q and H = M j F. 
We begin by determining the classes of A, subgroups of G. As in Section 5, 
we say that an A, subgroup R of G is of type (2$ ,3$ , 5J if R has a presenta- 
tion 
R = (01, B I cy: E (2,), B E (3,h 4 E (5~)). 
LEMMA 7.1. The classes of A, subgroups of G may be described in terms of 
a re~~es~~a~~ve R ~fo~~~~s. 
Type NC@) Orders of orbits 
(2, Y 33 ! 51) 4 x 4 
(2, > 32 t 52) (Z, x ANG 
(2, f 3, f 51) z; x z; [13, 53, @, 106, 153, 30,601 
(2,) 3,) 5,) z2 x 27, [P, 52, 62, 105, 152, 20, 307 
Proof. By computing the possible values of #(2,‘39’ = 51e), only A, 
subgroups of the above type exist. Let T,, E (5,) and let 
@ = ((a, p) / g E (&), /’ E (3-z), 09 = 70). 
MAXIMAL SUBGROUP OF c, 81 
/ @ 1 = #(21.32. = 5,) = 200. Now C,(T,) has the form 2, x A, and 
contains an A, subgroup of type (2,) 3,, 5a). An element of (3a) cannot 
centralize a 2,-pure Es2 subgroup, and hence the orbits of Cc(,) 1 @ (by 
conjugation) have orders a multiple of 50. Let J be an M,, subgroup of G 
having orbits of orders [I”, 5fj3, 105]. Let d be a J orbit of order 56 and let 
x E d. Then J35 g A, , J% / d has orbits of orders [I, 10,451, and since M,, 
has three classes of A, subgroups, JE has orbits of orders [20, 361 on the 
remaining two orbits of order 56. An A, subgroup R of Jz fixes precisely 
four points of Q and has type (2, ,3, , 52). But R cannot be centralized by an 
element of (3J and so Cc(~s) / @ must have orbits of orders [50, 1501. There- 
fore G has two classes of A, subgroups of type (2, ,3, , 5,). 
Let R and S be representatives of these two classes, respectively, where R 
is as before. Then C,(R) z 2, and C,(S) g Z; . We may assume that 
N,(R) < C,(a) for OL E (2,) from which it follows that N,(R) has the form 
2, x &. Similar reasoning shows that Nc(S) has the form Z; x Z; . 
The orders of the orbits of R may be found by using the containment of R 
in J together with the fact that all A, subgroups of J are conjugate in G. The 
orders of the orbits of S may be obtained by applying analogous arguments 
to an Ma, subgroup of G having orbits of orders [12, 212, 462, 1201. 
The A, subgroups of type (2, , 3, , 5,) were discussed in Lemma 5.10. 
Those of type (2, , 3, , 5.J may be treated in a similar fashion. 
In studying the A, subgroups of G, we make use of the fact that A, has 
two classes of A, subgroups together with Lemma 7.1 to conclude that an A, 
subgroup of G contains only A, subgroups of type (2, ,3, , 5a). 
LEMMA 7.2. G has precisely two classes of A, subgroups which fix more 
than- two points of 9. Let R and S be respective members of these classes. Then R 
has orbits of orders [I”, 6”, 10, 152, 20,36,45, 602], hTG(R) g Ml,, , S has orbits 
of orders [14, 10, 202, 302, 36a, 452], and No(S) z Z2 x PI!!,(9). 
Proof, Let 3 and 3 be representatives of the two orbits of G acting on the 
unordered triples of points of Q. We know that G(i) E aut(M,,) and G&j has 
the form Ea5\(Z2 x M,,) ( see the proof of Lemma 5.11). GE] has a subgroup 
R of the form E2\A, which is isomorphic to the stabilizer in PSCr4(32) of a 
totally singular line of the 4 dimensional unitary space V over GF(9). If 
h 3 7% , ‘0 a , ve} is a basis of Band if the hermitian formfon V hasf(v, , va) = 
f(v2 , v~) =: 1, f (vi , z+) = 0 otherwise, then K corresponds to the subgroup 
of PSU,(3z) which stabilizes (zil , v2). Accordingly O,(K) consists of the 
matrices which are formed by adjoining the matrix 
B= ;;, 
I I 
p+y=s3+s=o 
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to the right-hand corner of the identity. A complement of Os(iC) consists of 
the matrices which have the 2 x 2 matrices A, F’ along the diagonal. 
Denoting these matrices by A and B, and their product by A x B, respec- 
tively, we have 
We want to show that G(g) has two classes of A, subgroups. Towards that 
end, we first determine the classes of A, subgroup of K. 
The normalizer of a 5 Sylow subgroup of li: is generated by the two 
elements 
Up to conjugacy it may be assumed that two A, subgroups of R intersect in 
(01, fi). Because the centralizer of an involution of A, is a dihedral group of 
order 8, an involution of A, is contained in exactly one 2, subgroup. The 
only 2, subgroups of K which contain a are generated by elements of the form 
(Y,S)== I8 &I x ly sj. 
Hence for appropriate choices of y and 6, (/3, (y, 6)) is an A, subgroup of K 
which we designate by Af;y,‘). Moreover > A?‘) is not conjugate in K to A!@*‘) 
for (y, 6) # (j&e). Th ere ore, f we will have shown that K has nine classes 
of A, subgroups if we can affirm that (/3, (y, 6)) r A, for each of the nine 
elements (y, 6). Let 
Then 01r3 = q2 = I (2 < i < 4), (cu~cQ+~)~ = 1 (1 < i < 3), (~iai)z = 1 
(1 < i < 2, i + 1 < j), and hence <cx.~ , cr, , c+ , AQ g A, [17, Kapitel I, 
19.81. Also c&~ps = $ and d33~~2P3 = (n a), so that <& (Y, 6)) = 
<% 1 % 3 05 9 014)- 
We compute the orbits of No(K) = G(g) acting by conjugation on the nine 
classes of A, subgroups of K. The orbits must have orders a multiple of 3, 
and an A, subgroup not centralized by an involution has normalizer in R 
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isomorphic to &fi, . Hence the orders of the orbits are [3,6] and this proves 
our assertion. 
Since G(Z) has orbits of orders [3, 30,243], representatives R and 5’ of the 
two classes of A, subgroups fix, respectively, 3 and 4 points of a. Moreover, 
an A, subgroup of Gci, fixes 4 points of D and hence by Lemma 7.1 must be 
conjugate to a subgroup of GG, . This completes the proof of the first part of 
our Lemma. 
The orders of the orbits of R and S on Q and the isomorphism types of 
N,(R) and NG(S) are routinely determined. 
The next result together with Lemma 7.2 insures that the normalizer of 
an A, subgroup cannot be maximal in G. Similarly for M. 
LEMMA 7.3. An A, s~gyo~~ of G ~~~c~~xes less thm 3 pokts of Q has 
oyb~tsofoy~eys [12,@, 102, IF, 20, 36,60,9O]or [12,62, 15*,202, 362,90]. 
PYOO~. Let T be an A, subgroup of G which fixes less than 3 points of D 
and let R and S be respective members of the two classes of A, subgroups 
of T. It follows from Lemma 7.1 that a T orbit d with 5 7 j d 1 has order 1, 
6, or 36. Also if 1 d / = 6, then G(,, is conjugate to a subgroup of U having 
the form E24\L’8 or V having the form 2, x .Ya . Also U has a subgroup of 
index 2 which has orbits of orders [12, 6, 162, 60,80, 96l (see Lemma 5.9). 
The orders of the orbits of T may be computed by first determining those n 
with / if j = 1, 6, or 36 and then using Lemma 7.1. These details will be 
omitted. 
Assume first that R fixes 4 points of a. Then T has orbits of orders 
[12, 63, 102, 152, 20, 36,60,90] or [12, 64, 102, 20, 452, 602]. The second case 
may be eliminated by noticing that here T has an orbit d of order 6 which is 
also stabilized by an A, subgroup fixing 3 points of Q. 
Henceforth, assume that R and S both fix precisely 3 points of Q!. If T 
fixes 2 points of Q then T has orbits of orders [I”, 62, 154, 202, 362, 901. It 
follows from Lemma 6.2 that such A, subgroups do exist. 
If T fixes one point of Q then T has orbits of orders [I, 64, 10, 152, 202, 
36,45,90]. But then T must have an orbit Q, of order 15 such that Gt,) has an 
A, subgroup with orbits of orders [12, 62, 15*, 202, 362, 901. This contradicts 
the results of [21]. 
Finally, if T acts fixed point free on Q then T has 6 orbits of order 6. This 
implies that T has an orbit 0 of order 6 such that GQ, contains an A, subgroup 
with orbits of orders [I”, 62, 15*, 202, 362, 901. But Gc,, is conjugate to a 
subgroup of U or V and this is impossible. 
Brauer [4] has shown that a simple group of order 2” . 3b * 5 is isomorphic to 
A, , A, , or P&),(3). It is known that P&(3) occurs as a subgroup of PSU4(32) 
and without difficulty we may show that an P&2,(3) subgroup of G has orbits 
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of orders [12, 40, 72, 1621. In order to complete the work of this section it 
suffices to prove that G contains no simple subgroup of order 2” . 3b . 5~ with 
c> 1. 
We first assume that K is a simple subgroup of G of order 2” . 3b . 5s. 
For P E S&(K) P / Q has orbits of orders [l, 2Y, 1251. Since the orbits 
of K are unions of those of P, we must have K < Gc,i . Therefore we need 
only show that K is not contained in H where H = M / I’, 
R = N,(P) is a subgroup of No(P) which has the form P\(Zs\Zs). Suppose 
3 1 1 R 1 so that R has a subgroup T of the form P\Z, . For I,& of M, we have 
(#a2 J T, 11”) = 0 and hence (&a 4 K, lK) = 0. Let & be an irreducible 
constituent of #a2 4 Kof degree n. We may assume that n > 7 [3, 181. Further- 
more, for +, rational vaIued, a result of Schur [24] gives 
i=m 
3 < t: [n/5$+1 - 5q, 
i=O 
so that n < 12. Hence I,&.~ 4K = A0 + &a. Let CYE(~J n K and let 
/3 E (5a) n K. Then #r,,(a) = 0 or 5. But 1 C,(~r)l = 52 and &a(01) = 2 
together imply that &,(a) = 0. We compute 
and this yields a contradiction. 
Assume that I R I = 2r . 53, Y < 2. Since two elements 01, /I of (5,) n P 
are conjugate in K if and only if they are conjugate in R, K n (5,) contains 
24/2r K-classes, and since R I r has orbits of orders [2Y, 1251, a E (5,) n K 
is conjugate to 2 of its powers. Therefore, K I I’ has orbits of orders [255, 1501 
or [256, 1251. In any case we conclude with the help of Lemma 6.5 that a 
conjugate of K and a PSU~(5z) subgroup U of H stabilize the same set Cp < I’ 
of order 50. But Ht@) = U and thus K is conjugate to a subgroup of U. It 
is easily seen that PSU,(57 contains no simple subgroup of order 2” . 3b . 53. 
In fact such a group would be a subgroup of a point stabilizer of PSU,(57 
acting on the 126 singular points of a 3-dimensional unitary space over 
GF(52). But a point stabilizer is solvable of order 23 . 53. 
The case / R ] = 23 . 53 is eliminated in a similar manner. Here we have 
that K n (5,) has 3 K-classes and that 01 E K n (5,) is conjugate to four of 
its powers. Hence K / r has orbits of orders [503, 1251. By embedding K in G 
and applying Lemma 6.3 we find that K is conjugate to a subgroup of 
Us PSU452). Thus K cannot exist. 
It remains to eliminate the existence of simple subgroups J of G of order 
2a . 3b . 52. We first assume that J Q Irl. For Q E Syl,(J), Q 1 r has orbits of 
orders [55, 2S”]. Also S = NJ(Q) h as order 2t52, t & 2 and has a cyclic 
2 Sylow subgroup. By Burnside’s transfer theorem, t # 0. 
MAXIMAL SUBGROUP OF c, 85 
In the case where S contains an element y of order 4, S 1 r must have at 
least one orbit of order 5. Hence we may write Q = (01, ,&?) for 01 E (5,) n J, 
/I E (5.J n J, and where CTY = a2, /3~ = p-l. It follows that J n (5,) contains 
5 classes, the elements of 4 classes being conjugate to one of their powers and 
the elements of one class being conjugate to 4 of their powers. Also S / r has 
orbits of orders [5, 20, 256, 1001. As a consequence, / / r has an orbit d of 
order m such that for x E d, 1x is 5nilpotent. Clearly m = 20,45, or 120 and 
1% has the form Ez4\Z, or Ez4\Z6 ( see Section 5). Applying Lemma 5.4 and 
the results of [31], the only possibility is for JZ to have the form E2*\Zg and 
m = 120 so that / / / = 27 . 3 . 52. But then the degrees of the characters 
in the principal 3-block of J are 1, 5, and 4 contradicting the main theorem 
of [4]. 
If / S 1 = 2 . 52 then we may show in a similar manner that S 1 r has 
orbits of orders [5, 102, 25’j, 502] and J I r has two orbits d and @ such that 
for x E L3, y E @, JZ and J, are 5-nilpotent. The possible values of I d 1 and 
1 @ 1 are 60, 135, 180. The existence of J may now be eliminated as in the 
previous case. 
Our final case is where J < G and J acts fixed point free on Sz. From the 
preceding results we find that J I G has an orbit d of order m such that the 
stabilizer of a point of J / d is conjugate to S. Clearly m = 16, 36, 96, or 216. 
Since 1 S 1 = 2’ . 52 with Y < 3 we need only consider the cases m = 16 
or 216. These cases are routinely eliminated. The work in this section is now 
completed. 
8. SIMPLE SUBGROUPS OF ORDER DIVISIBLE BY 11 OR 23 
The object of this section is to determine for each of the groups Ca , 
M a minimal set of subgroups, each of which is the normalizer of a non- 
abelian simple group of order divisible by 11 or 23, so that if K is a non- 
abelian simple subgroup with order divisible by 11 or 23 then the normalizer 
of K is conjugate to some member of this set. 
The isomorphism types of the subgroups in the minimal sets for C’s and M 
are as follows. 
C, H.S., Z2 x 442 1 E3”\@-2 x Mn>, M23 
aut(M) 
M M22 , M22 7 Ml, 
Our first goal will be to show that a simple subgroup of Ca of order divisible 
by 11 or 23 is isomorphic to PSL,(l I), n/r,, , Ml2 , M22 , M223 , H.S., or M. 
Towards this classification one has first the fact that the Mathieu groups have 
all been characterized by their order [6, 22, 251. Let K be a simple subgroup 
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oforder2a.3b.5c.7d.ll or2”~3b~5e~7d.11.23.1f aG3,thenthe 
form of the 2 Syfow subgroup implies R s PSL,(lI) 15, 14, 311. The 
possibility K s PSL,(23) is easily ruled out. The discussion of the other 
cases will be divided into two parts: (i) the case K < M, and (ii) the case K 
acts fixed point free on 9. For the remainder of this section let G = Cs / Q. 
Assume K < M and let Q E Syl,,(K). By Burnside’s transfer theorem, 
NK(Q) has the form Zfr . Applying Sylow’s theorem to compute j K j and 
ruling out those cases where K is either 5 or 7 nilpotent or where 1 M : K / < 
1,000, we have the following values of 1 K j to consider. 
(i) / K 1 =II 24 . 3 ’ 53 . 11. K must act transitively on r and hence 
~~~*(3z) contains a subgroup of order 24 1 3 f 5. This cannot happen, 
(ii) jKj =24~32~5~11:K~M11. 
(iii) 1 K j = 2” . 52 . 11. The existence of K may be ruled out by 
trying to compute the degree equation of B,,(l 1). 
(iv) 1 K / = 2” * 32 . 53 * 11. This case may be eliminated as in (i). 
toM(v) lK1 =2”*33-5*11.Md oes not contain a subgroup isomorphic 
($ jK1 =~2~.3~.5*7*11. KrIw,,. 
That M contains subgroups isomorphic to MI, and n/r,, , respectively, is 
a consequence of Lemma 4.6 and the existence of an M,, subgroup of G 
having orbits of orders [23,253]. 
It is known that aut(~~~) E M1i and aut{Ms~) is isomorphic to the set 
stabilizer of two points in the natural representation of Ms, . Hence a proper 
subgroup of Glil which has order divisible by 11 has the form M,, or M or is 
isomorphic to a subgroup of J where J s 2, x MI, . 
LEMMA 8.1. Gr,l has one class of subgroups for each of the ~so~orp~is~ 
types PSL,(l I), Ml, , and M,, . 
Proof. Let K be a PSL,(I 1) subgroup of G. We know that K = (at, j3 / 0;2 = 
$ = (01#l = I). It follows from Lemma 7.1 together with the known 
classes of PSL,(I 1) that 01 E (2,) and fi E (3& Since #(2,‘3; = 1 11) = 1 I 
we conclude that G has one class of I-‘SL,(ll) subgroups and N&K) s 
Za x PSL,( 11). Also K has orbits of orders [I, 1 15, 552, 1 lo]. 
Let J be an M,, subgroup of Gt,] . From the results of Lemmas 7.2-7.3, 
an A, subgroup of J has orbits of orders [ls, 62, 10, 15s, 20,36,45, 602], 
[l*, 10, 202, 302, 362, 452], or [lz, 62, 154, 202, 362, 901. Therefore J has orbits 
of orders [l, 22, 55, 66, 1321 or [l, 11, 22, 110, 1321. Assume that J has orbits 
of orders [l, 22, 55, 66, 1321 and let S be an M,, subgroup of G with orbits 
of orders [II, 12,22, 66, 1651 (S < Ma8 having orbits of orders [23,253)]. 
Since G has one class of A, subgroups which fix precisely 3 points of a, 
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J and S may be assumed to have an orbit A of order 22 in common. A contra- 
diction is obtained by attempting to compute the orbits of Gcd) . Therefore J 
must have orbits of orders [l , 11, 22, 110, 1321. Let T be an M,, subgroup 
of G~,J which is centralized by some involution and let @ be a T orbit of 
order 110. Since G has one class of P&&(11) subgroups, a conjugate of J 
must stabilize T. From what has already been shown, the set stabilizer in G[r] 
of @ is a maximal subgroup of the form 2, x M,, . Hence T and J are 
conjugate in G. 
Finally, let R be an Ms, subgroup of G. It is clear that R has orbits of 
orders [l, 22, 77, 1761. Since R has two classes A, subgroups, it follows from 
Lemma 7.4 that an arbitrary M,, subgroup of G is conjugate to a subgroup 
of Gcd) where A is the R-orbit of order 176. But Gcd) G H.S. and therefore G 
has one class of i&a subgroups. 
The correctness of our description of the minimal set for M is an easy 
consequence of Lemma 8.1 and the observation that an M,, subgroup of G 
is self-normalizing. 
We now proceed to determine the isomorphism type of a simple subgroup 
K of G which has order 2a . 3b . 5~ . 7” . Il. We may assume that a > 4 and 
that K acts fixed point free on 9. Hence K has an orbit A with / A 1 G 1 
(mod 11). Let S be the normalizer in K of an 11 Sylow subgroup. Suppose S 
has the form 2, x .Zir . Then x2a 4 K must have an irreducible constituent + 
with deg 4 < 11. In the usual way this gives rise to an irreducible representa- 
tion of degree < 11 over a field of characteristic 11. Theorem 1 of [l 1] now 
yields a contradiction. Hence S must have the form Zfr . 
For x E A, K, must be isomorphic to PSL,( 1 l), Ml, or M,, . Moreover, 
S has orbits of orders [l, 115, 554] and so / S / = 12,45, 56, 100, 144, 210, 
or 243. Using routine arguments and the results of [6, 22, 251, we find that 
K gg Ml,, Ml,, or H.S. 
Finally, assume that J is a simple subgroup of G with order divisible by 23. 
It is clear that for Q E Syl,,( J), NJ(Q) has the form 2;; and has orbits of orders 
[23, 2531. Hence either J is transitive on fi or has orbits of orders [23,253]. 
Applying Sylow’s theorem and the known subgroup structure of Gl,j we 
findthati ]I ==IM,,Iandso JrMz3. 
Sufficient information is now available in order to describe the minimal 
set for C, . It is an immediate consequence of Lemma 8.1 that G has one 
class of il!l,, subgroups and one class of H.S. subgroups. Let K be an Ml2 
subgroup of G. By restricting x2a to K we may identify the classes of K with 
those of G. It follows from this that 
K=(o,p/~.2=~3=(u~)11=1,~~(21),~~(33)). 
For 70 E (llr), let @ = ((a, p) / u E (2,), p E (33), ap = T,,). Then 1 0 1 = 
#(21’33’ = 11,) = 33 and every Ml, subgroup of G is conjugate to (us , ps) 
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for some (q , p,,) E @. Consider a subgroup H of the form E35\M11 . It is easy 
to see that H contains a pair of elements (ui , pi) E @. Moreover, (ur , pr) 
must have the form Ea5\PSL,(1 1). As a result, Co(,) 1 @ has orbits of orders 
[l 1, 221 and, therefore, G has one class of n/r,, subgroups. Clearly, N,(K) s 
22 x w2. 
Finally we must show that if R is an M,, subgroup which acts fixed point 
free on 52 then N,(R) is not maximal in G. Applying Lemmas 7.2-7.3, R has 
orbits of orders [ll, 22, 12, 66, 1651 or [12, 22, 662, 1101. Assume that R 
has orbits of orders [I 1, 12,22, 66, 1651, let H be a subgroup of the form 
E35\(2, x Mr,) and let A be an H orbit of order 33. Since G has one class of A, 
subgroups with orbits of orders [13, 62, 10, 152, 20, 36, 45, 602], a conjugate of 
N,(R) must stabilize the set A and hence must be a subgroup of Gc,, = H. 
Suppose R has orbits of orders [12, 22, 662, 1101. It is easy to see that for 
M E (22), Co(a) has orbits of orders [12, 1322] and hence Co(,) has an J&i, 
subgroup T with orbits of orders [12,22, 662, 1 lo]. Since G has one class of 
P&X,(11) subgroups, a conjugate of R stabilizes the T orbit /l of order 110. 
But Gcn) s 2, x IM,, and so N,(R) is conjugate to a subgroup of Co(,). 
This completes our description of the minimal set for C, . 
9. PROOFS OF THEOREMS I AND II 
In order to prove Theorems I and II we need only survey the results of 
Sections 5-8 and point out inclusions where they exist. This is easy enough 
for M. In the case of C, we have that H.S. contains subgroups having the 
forms & and (Z, x A5)\Z4, respectively. Also the normalizer of a 5-Sylow 
subgroup of C, fixes one point of Q. Apart from these no other inclusions 
occur and the proof of Theorem II is completed. 
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